We prove that when A is a closed subalgebra of the bounded operators on a reflexive Banach space X, which acts irreducibly on X and contains a minimal idempotent, then every bounded operator with finite dimensional range on X is in A. We use this result to prove that every continuous irreducible representation of a GCR-algebra on a Hilbert space 3C is similar to a *-representation on3C.
1. Notation and terminology. Assume that X is a normed linear space. ($>(X) denotes the algebra of bounded operators on X, G(X) denotes the algebra of compact operators on X, and ïï(X) denotes the algebra of bounded operators on X which have finite dimensional range. A subalgebra A of 03(X) acts irreducibly on X (or is irreducible on X) if the only closed A -invariant subspaces of X are 0 and X. A acts strictly irreducibly on X ii the only A -invariant subspaces of X are 0 and X.
If A is a normed algebra and X is a normed linear space, then a representation of A on X is an algebra homomorphism x of A into ($>(X). A representation ir oí A on X is irreducible (strictly irreducible) if tt(A) acts irreducibly (strictly irreducibly) on X. When A has an involution * and 3C is a Hilbert space, a representation ir of A on 3C is a ^representation if 7r(a*) =ir(a)* ior allaEA. Let A7-be a normed linear space. We denote the dual space of X as X*. Given xEX and fEX*, let (f\x) be the operator defined by (f\x)(y)=f(y)-x, y EX. Every bounded operator on X with 1-dimensional range has the form (f\x) for some xEX, fEX*. When 3C is a Hilbert space and <p, i^G3C, then i<p\if>) is the operator defined by (0|iW(t) = (t,0)-& tG3C.
A nonzero idempotent E in a complex normed algebra A is a minimal idempotent of A if EAE= {X£|X complex}. There is a close relationship between minimal idempotents of A and minimal left (or right) ideals of A ; see [5, pp. 45-46] . All vector spaces in this paper are complex.
2. Irreducible algebras of operators which contain a minimal idempotent. We assume throughout this section that X is a normed linear space and that A is a subalgebra of 03 (X) such that A acts irreducibly on X. We prove several lemmas and then the main result of this section (Theorem 3). Lemma 1. If E is a minimal idempotent of A, then there exist xEX, fEX*, withf(x) = 1, such that E = (f\ x).
Proof. Choose x E X, x 9e 0, such that E(x) = x. Let F= {P(x)| TEA }. F is an invariant subspace of X for A. When TEA we denote by V the restriction of T to Y. Assume that Pi(x) and P2(x) are in the range of E', Ti, T2EA. Then P<(x) =£'P,(x) = ETiE(x)=~hiX for some scalars Xt, t=l, 2. Thus E' has 1-dimensional range on Y. It follows that E'=(g\x) for some gEY*. Also since E' is a projection, then g(x) = 1. Let/ be the unique extension of g to a continuous functional on X (note that Y is dense in X).
Then E=(f\ x) since E -(f\ x) is 0 on Y.
Lemma 2. Assume that A is a closed subalgebra of 6i(X) and that A contains a minimal idempotent E. Then A acts strictly irreducibly on X.
Proof. By Lemma 1, E = (f\x) for some xEX, fEX*, with/(x) = 1. AE={(f\ T(x))\ TEA} is a left ideal of A which is closed in the operator norm. W= {T(x) \ TEA } is a nonzero invariant subspace of X for A, and, therefore, W is dense in X. Given y EX we can choose {y"}CíF such that yn=Tn(x)->y. Then (f\yn) = Tn(f\x) EAE for all n and (f\y")^>(f\y) in the operator norm. Therefore (f\y)EAE. Assume now that yi, y2EX and yi^O. As above (f\y\), (f\y2)EAE. £=A(f\yi) is a nonzero left ideal of A in AE. By the proof of [5, Lemma (2.18) , p. 45], £ = AE. Then there exists TEA such that T(f\ yi) = (f\ y2). It follows that T(yx) =y2, and therefore A acts strictly irreducibly on X. Theorem 3. Assume that X is a reflexive Banach space, and that A is a closed subalgebra of ffi(X) which acts irreducibly on X and contains a minimal idempotent E. Then 3(X) EA.
Proof. By Lemma 1 there exists xEX, fEX* with/(x) = l such that E = (f\x). By Lemma 2, A acts strictly irreducibly on X.
Therefore (f\y)£A for all y EX. Let if = {gEX*\ (g\y)EA for some yEX, y9^0}. We prove that K is a closed subspace of X*. For assume that/i, fiEK. Then there exists Xis^O, x29¿0 in X such that (/i|xi) and (f2\x2) are in A. Choose TEA such that P(xi)=x2. Then (fi+f2\x2) = T(fi\x^) + (f2\x2). Thus, fi+ftEK. Now assume that (fn\x")EA, xn9^0 for all w, and/"->g in X*. Choose TnEA such that T"(xn) =x for all ra. Then Tn(fn\xn) = (fn\x)EA for all ra and (fn\x) -*(g\x) in (&(X). Since A is closed, (g\x)EA, and this proves gEK. Now suppose that K^X*. Since AT is closed and X is reflexive, there exists yEX, y^O, such that g(y)^0 for all gG7£-Given TE($>(X), let T* be the conjugate (adjoint) operator of T on X*.
Note that (/|x)T= (r*(/)|x). Then T*(f)EK for all TEA, and it follows that T*(f)(y)=f(T(y))=0 for all TG¿. But there exists TEA such that T(y) =x, and/(x) = 1. This contradiction proves that K = X*. Therefore, by the definition of K, A contains every bounded operator on X which has 1-dimensional range. This implies that 3(X) EA, so the proof of the theorem is complete.
We denote the radical of an algebra B by rad (5) . In the next theorem we give a sufficient condition that an irreducible algebra A contain a minimal idempotent. Theorem 4. Assume that X is a Banach space and that A is a closed subalgebra of (&(X) which acts irreducibly on X. If A contains an operator CE<2>(X) such that C does not have zero spectrum, then A contains a minimal idempotent.
Proof. AC\e(X) is a closed subalgebra of <5(X) which contains C.
Since C does not have zero spectrum, we can produce a nonzero projection FEAC\e(X) by taking the appropriate contour integral about a nonzero (isolated) point of the spectrum of C. F must have finite dimensional range. Then FA F is a finite dimensional subalgebra of A. By the Wedderburn theory there exists a projection E in FA F such that the residue class of E in the quotient algebra FAF/rad(FAF) is a minimal idempotent. rad^^T") is nilpotent, so we can choose a positive integer m such that (FSF)m = 0 whenever is a nonzero invariant subspace of X for A. Therefore there exists {Sn}EM such that Sn(x)-»x. EM(x) is a finite dimensional (and hence closed) subspace of X. Since ESn(x)->E(x) =x, xEEM(x).
Therefore there exists SEM such that ES(x) =x. But ESEM, so that (£5)m+1 = 0. This is a contradiction since 09áx=(ES)m+1(x) =0. Therefore radL4)r\47± = 0. In this section we give a sufficient condition that a continuous irreducible representation of a S*-algebra on a Hubert space 3C be similar to a *-representation on 3C. R. V. Kadison gives very general necessary and sufficient conditions in [3] . Kadison also discusses the important connections this subject has with the representation theory of topological groups.
Throughout this section we assume that i is a B*-algebra. S. Cleveland has shown, [l, Lemma 5.3, p. 1104] , that when 7r is a continuous algebra isomorphism of A into a Banach algebra B, then ir(A) is closed in B. This is easily extended to the case where ir has a nonzero kernel I. For since 7r is continuous, / is a closed ideal of A, and then A/I is again a 5*-algebra. Define x on A/I by ir(a+I) = tr(a), aEA. x is a continuous algebra isomorphism of A/I into B. Therefore, the range of x is closed in B by Cleveland's result. But ir(A) = w(A), so thatx(^4) is closed in B. Throughout this section 3C denotes a Hubert space. Assume that 7T is a continuous irreducible representation of the £>*-algebra A into 03(3C), and that A /ker (if) contains a minimal idempotent.
Then ir(A) is an irreducible closed subalgebra of ffi(3C) which contains a minimal idempotent. An application of Theorem 3 proves the following result.
Lemma 7. Assume that w is a continuous irreducible representation of A on 3d such that ;4/ker(x) contains a minimal idempotent. Then x is strictly irreducible on 3C and e(3C) Or(.<4).
Every minimal left ideal of A has the form Ah where A is a selfadjoint minimal idempotent by [5, Lemma (4.10.1), p. 261] . Assume that A is a selfadjoint minimal idempotent of A. Then hAh is just the set of all scalar multiples of h. We define an inner product ( •, • ) on Ah by the rule (xh, yh)h = hy*xh; see [5, Theorem (4.10.3) , p. 261]. We call (•, •) the canonical inner product on Ah. Now we prove the main result of this section. Proof. We may assume without loss of generality that 7r is an isomorphism.
For in the general case we can define í on ^4/ker(x) as in the discussion preceding Lemma 7, and apply our arguments to i. Therefore we assume that ir is an isomorphism and that A has a minimal left ideal Ah, where h is a selfadjoint minimal idempotent of A. Let ( = (7*i, Vir(a*)V'W<p2) = ifa, p(a*)^2).
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Therefore p is a *-representation of A on 3C. This completes the proof of the theorem. Now assume that A is a GCR-algebra as defined by I. Kaplansky; see [4] . Assume that x is a continuous irreducible representation of iona Hubert space 3C. Then ^4/ker(x) has no ideal divisors of zero by [4, Lemma 2.5, p. 223] . Therefore ^4/ker(x) contains a minimal left ideal by [4, Lemma 7.4, p. 247] . These remarks together with Theorem 8 prove the following corollary.
Corollary
9. When A is a GCR-algebra, then every continuous irreducible representation of A on a Hubert space 3C »5 similar to a strictly irreducible *-representation of A on 3C.
